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Abstract
By investigating hypersurfaces Mn in the unit sphere Sn+1(1) with Hk = 0 and with two distinct principal curvatures, we give
a characterization of torus S1(
√
k/n ) × Sn−1(√(n − k)/n ). We extend recent results of T. Hasanis et al. [T. Hasanis, A. Savas-
Halilaj, T. Vlachos, Complete Minimal hypersurfaces in a sphere, Monatsh. Math. 145 (2005) 301–305] and T. Otsuki [T. Otsuki,
Minimal hypersurfaces in a Riemannian manifold of constant curvature, Amer. J. Math. 92 (1970) 145–173].
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1. Introduction
Let M be an n-dimensional hypersurface in a unit sphere Sn+1(1) of dimension n + 1. Denote by S the square
norm of the second fundamental form of M . In [5], T. Hasanis et al. proved
Theorem 1.1. (See [5].) Let M be an n-dimensional connected, complete and minimal hypersurface with two distinct
principal curvatures such that the multiplicity of one of the principal curvatures is n − 1 in Sn+1(1). If
S  n,
then S = n and M is the minimal Clifford torus S1(√1/n ) × Sn−1(√(n − 1)/n ).
In this paper, we consider n-dimensional hypersurfaces with Hk = 0 of a unit sphere Sn+1(1) and with two distinct
principal curvatures. We generalize Theorem 1.1 to hypersurfaces with Hk = 0. In fact, we prove the following result
Theorem 1.2. Let M be an n-dimensional (n 3) connected, complete hypersurface with Hk = 0 (k < n) and with
two distinct principal curvatures such that the multiplicity of one of the principal curvatures is n − 1 in Sn+1(1). If
(1.1)S  n(k
2 − 2k + n)
k(n − k) ,
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k(n−k) and M is isometric to the Riemannian product S
1(
√
k/n ) × Sn−1(√(n − k)/n ).
Remark 1.1. When k = 1, our Theorem 1.2 reduce to Theorem 1.1 of T. Hasanis et al. in [5].
Theorem 1.3. Let M be an n-dimensional (n 3) connected, complete hypersurface with Hk = 0 (k < n) and with
two distinct principal curvatures such that the multiplicity of one of the principal curvatures is n − 1 in Sn+1(1). If
(1.2)S  n(k
2 − 2k + n)
k(n − k) ,
then S = n(k2−2k+n)
k(n−k) and M is isometric to the Riemannian product S
1(
√
k/n ) × Sn−1(√(n − k)/n ).
2. Preliminaries
Let M be an n-dimensional hypersurface in an (n + 1)-dimensional unit sphere Sn+1(1) with Hk = 0. Let
{e1, . . . , en} be a local orthonormal basis of M with respect to the induced metric, ω1, . . . ,ωn their dual form. Let
en+1 be the local unit normal vector field. In this paper We shall make use of the following convention on the ranges
of indices:
(2.1)1A,B,C, . . . n + 1, 1 i, j, k, . . . n, 1 a, b, . . . n − 1.
Then we have the structure equations
(2.2)dx =
∑
i
ωiei,
(2.3)dei =
∑
j
ωij ej +
∑
j
hijωj en+1 − ωix,
(2.4)den+1 = −
∑
i,j
hijωj ei,
where hij denotes the components of the second fundamental form of M .
The Gauss equations are
(2.5)Rijkl = (δikδjl − δilδjk) + (hikhjl − hilhjk),
(2.6)n(n − 1)R = n(n − 1) + n2H 2 − S,
where R is the normalized scalar curvature of M and S =∑i,j h2ij is the norm square of the second fundamental form
and H is the mean curvature, then we have
(2.7)S =
∑
i,j
(hij )
2, H = 1
n
∑
k
hkk.
The Codazzi equations are (see [1,3,4,6–9,11])
(2.8)hijk = hikj ,
where the covariant derivative of hij is defined by
(2.9)
∑
k
hijkωk = dhij +
∑
k
hkjωki +
∑
k
hikωkj .
The second covariant derivative of hij is defined by (see [3,8])
(2.10)
∑
l
hijklωl = dhijk +
∑
l
hljkωli +
∑
l
hilkωlj +
∑
l
hij lωlk.
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(2.11)hijkl − hijlk =
∑
m
hmjRmikl +
∑
m
himRmjkl.
We may choose proper frame field {e1, . . . , en+1} such that
(2.12)ωin+1 = λiωi, that is hij = λiδij , i = 1,2, . . . , n,
where λi are principal curvatures.
Now we assume that M has two distinct principal curvatures λ (multiplicity n − 1) and μ (multiplicity 1), that is,
(2.13)λ1 = λ2 = · · · = λn−1 = λ; λn = μ.
From (2.6), we have
(2.14)n(n − 1)R = n(n − 1) + (n − 1)λ[(n − 2)λ + 2μ].
Let Hk be the normalized kth symmetric function of the principal curvatures of an hypersurface:
CknHk =
∑
1i1<i2<···<ikn
λi1 · · ·λik ,
where Ckn = n!k!(n−k)! .
From (2.13) and Hk ≡ 0, we deduce that
(2.15)CknHk = Ckn−1λk + Ck−1n−1λk−1μ ≡ 0
and it follows that
(2.16)λk−1[(n − k)λ + kμ]≡ 0.
If λ = 0 at some point p, since these principal curvatures λ and μ are continuous on M , we can deduce from (2.16)
that λ ≡ 0 on M . From Gauss equation (2.14), we know that R = 1. By (2.5), we obtain that the sectional curvature
of M is not less than 1. Hence M is compact by use of Bonnet–Myers Theorem. According to Theorem 2 in [3] due
to Cheng and Yau, we know that M is a totally umbilical hypersurface. As a result, we get λ = 0 and
(2.17)(n − k)λ + kμ ≡ 0.
Example. Mk,n−k = S1(√k/n )×Sn−1(√(n − k)/n ), 1 k  n−1. Then Mk,n−k has two distinct constant principal
curvatures
(2.18)λ1 = · · · = λn−1 =
√
k/(n − k), λn = −
√
(n − k)/k.
Hence, Hk ≡ 0 and the square norm of the second fundamental form of Mk,n−k satisfies
(2.19)S = n(k
2 − 2k + n)
k(n − k) .
In [10], Otsuki proved the following
Lemma 2.1. (See Theorem 2 and Corollary of [10].) Let M be an n-dimensional compact hypersurface in a unit
sphere Sn+1(1) such that the multiplicities of principal curvatures are all constant. Then the distribution of the space
of principal vectors corresponding to each principal curvature is completely integrable. In particular, if the multiplicity
of a principal curvature is greater than 1, then this principal curvature is constant on each integral submanifold of
the corresponding distribution of the space of principal vectors.
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(2.20)λ,1 = · · · = λ,n−1 = 0, μ,1 = · · · = μ,n−1 = 0.
By means of (2.9) and (2.13), we obtain
(2.21)hijkωk = δij dλj + (λi − λj )ωij .
Summarizing the arguments above, we obtain
(2.22)hijk = 0, if i = j, λi = λj ,
(2.23)haab = 0, haan = λ,n,
(2.24)hnna = 0, hnnn = μ,n.
Let us define a positive function w(s) over s ∈ (−∞,+∞) by
w(s) = λ− kn .
By making use of the similar methods in [10], we can prove the following
Proposition 2.1. If M is an n-dimensional connected hypersurface (n  3) in Sn+1(1) with Hk = 0 (k < n) and
with two distinct principal curvatures λ and μ with multiplicities (n − 1) and 1, respectively. Then M is a locus of
the moving (n − 1)-dimensional submanifold Mn−11 (s) along which the principal curvature λ of multiplicity n − 1 is
constant and which is locally isometric to an (n − 1)-dimensional sphere Sn−1(c(s)) = En(s) ∩ Sn+1(1) of constant
curvature and λ satisfies the ordinary differential equation of order 2
(2.25)d
2w
ds2
= w
{
(n − k)
k
w−
2n
k − 1
}
,
where En(s) is an n-dimensional linear subspace in the Euclidean space Rn+2 which is parallel to a fixed En.
Remark 2.1. When k = 1, our Proposition 2.1 reduces to Theorem 4 of T. Otsuki in [10].
3. The proof of theorems
We first give the following lemmas
Lemma 3.1. Eq. (2.25) are equivalent to their first order integral
(3.1)
(
dw
ds
)2
= C − w2− 2nk − w2,
where C is a constant. Moreover, the constant solution of (2.25) corresponds to the Riemannian Product S1(√k/n )×
Sn−1(
√
(n − k)/n ).
Proof. From the assumption, and by making use of the similar computations in [10], we have ∇enen = 0. Hence,
we know that any integral curve of the principal vector field corresponding to μ is a geodesic. Then we can get that
w(s) is a function defined in (−∞,+∞) since M is complete and any integral curve of the principal vector field
corresponding to μ is a geodesic.
The left-hand side of equation (2.25) multiplied by 2 dw
ds
is precisely the derivative of the left-hand side of Eq. (3.1).
Combining w(s) = w0 with (2.25), we have λ = √k/(n − k). Hence the constant solution of (2.25) corresponds to
the Riemannian product S1(
√
k/n ) × Sn−1(√(n − k)/n ). We complete the proof of Lemma 3.1. 
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distinct principal curvatures λ and μ with multiplicities (n − 1) and 1, respectively. Then
(3.2)S  n(k
2 − 2k + n)
k(n − k)
holds if and only if
(3.3)w− 2nk  k
n − k .
Similarly, we have
(3.4)S  n(k
2 − 2k + n)
k(n − k)
holds if and only if
(3.5)w− 2nk  k
n − k .
Proof. Using (2.17), we have the calculation that
S = (n − 1)λ2 + μ2 = (n − 1)λ2 + (n − k)
2
k2
λ2 = n(k
2 − 2k + n)
k2
w−
2n
k .
If
S  n(k
2 − 2k + n)
k(n − k) ,
then we obtain
(3.6)w− 2nk  k
n − k .
Similarly, we can get the other result. Lemma 3.2 is proved. 
Proof of Theorem 1.2. Since we see from Proposition 2.1 that
d2w
ds2
= w
{
(n − k)
k
w−
2n
k − 1
}
.
A direct calculation then gives
d2w
ds2
 0
if and only if
w−
2n
k  k
n − k .
From Lemma 3.2, we have
(3.7)d
2w
ds2
 0.
Thus dw
ds
is a monotonic function of s ∈ (−∞,+∞). Therefore, w(s) must be monotonic when s tends to infinity.
We see from (3.1) that the positive function w(s) is bounded. Since w(s) is bounded and is monotonic when s
tends to infinity, we find that both lims→−∞ w(s) and lims→+∞ w(s) exist and then we have
(3.8)lim
s→−∞
dw(s)
ds
= lim
s→+∞
dw(s)
ds
= 0.
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ds
, we see that dw
ds
≡ 0 and w(s) is a constant. Then, according to Lemma 3.1, it is
easily known from the results due to Cartan in [2] that M is isometric to the Riemannian product S1(√k/n ) ×
Sn−1(
√
(n − k)/n ). This proves Theorem 1.2. 
Proof of Theorem 1.3. Since we see from Proposition 2.1 that
d2w
ds2
= w
{
(n − k)
k
w−
2n
k − 1
}
.
A direct calculation then gives
d2w
ds2
 0
if and only if
w−
2n
k  k
n − k .
From Lemma 3.2, we have d2w
ds2
 0. We see from (3.1) that the positive function w(s) is bounded. Combining d2w
ds2
 0
with the boundedness of w(s), we see that w(s) is a constant. Then, according to Lemma 3.1, it is easily known that
M is isometric to the Riemannian product S1(
√
k/n ) × Sn−1(√(n − k)/n ). Theorem 1.3 is proved. 
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